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Abstract 


Modular forms play an significant role in number theory. They also 
appear in areas like algebraic topology and string theory. The j-function 
is a very special function in the theory of modular forms. In particular, 
modular forms of weight zero are polynomials in j -function which we prove 
in this thesis. The main goal of this thesis, however will be to explore some 
important properties of j-function, define modular functions for To(m) 
and give a classification of it. Then we define the modular equation, 
explore some of its properties and use these properties to show that j(Ox ) 
is an algebraic integer where Ok is the ring of integers of Q(V~ n ) for n 
being a square free natural number. 
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1 The j-function 


Before defining the j-function for a given lattice we start with some basic defi¬ 
nitions. 


Definition 1.1. A lattice in C is a subgroup of the form Zoq © Zoj -2 where 
{wi,W 2 } form a M. basis of C as a vector space over R. 

Whenever we mention lattice, we will refer to a lattice in C . For example 
Z® Zz = {m + ni | m, n G Z} is one of the simple lattices one can consider. Now 
we define G k of a lattice for k £ N and k > 2. 

Lemma 1.1. Let L be a lattice and let G k {L) = ]C w <=,l\{o} jr- Then for k > 2 
the series Gk{L) absolutely converges. 

Proof. Let {uj\ , 0 ^ 2 } be a basis of L and let L n = {ato 1 + buj 2 \ a, b £ N and 
— n < a,b < n}. We have L n C L n+ 1 for tieNU {0} and 

OO 

L — |_| L n \ L n —1 

n —1 


where [J stands for disjoint union. 

We note that both a and b in D n have (2 n+ 1) number of choices which implies 
that \L n \ = (2 n + l) 2 and | L n \ L„_i| = (2 n + l) 2 — (2n — l) 2 = 8 n. 

Let L° denotes the set of complex numbers which are inside of the parallelogram 
formed by the points {—nu> 1 — noj 2 ,—nuii + nw 2 ,nwi — n<jj 2 ,ncoi + nu^}- We 
denote the parallelogram by P. Now choose c such that B( 0, c) = {z G C | \z\ < 
c} C L°. We claim that B( 0, nc) C L° for n G N . If z € B( 0, nc ) , then \z\ < nc 
equivalently ^ < c which implies - G L® and hence z € L° n . If uj € L n \ L n _ 1 , 
then uj £ P which implies ui L°, so |w| > nc. 


G k {L) 


< 


= E 

wGi\{0} 



E 

uj^L n \L n -i ,nGN 


1 




k 


E 8n - 

ne N 


1 

(nc) fc 



rieN 


1 

(n) fc_1 


As k > 2, k — 1 > 1 and X^neN ( n ) k - 1 conver g es absolutely. Therefore by 
comparison test, G k (L) is absolutely convergent. 

□ 


1.1 The Weirstrass p-function 


Definition 1.2. For a lattice L define 


p{z-,L) 



1 


It is called the Weirstrass p-function. For a fixed lattice L we denote p(z) 
instead of p(z; L). 
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Definition 1.3. Let / be a meromorphic function on C and let L be a lattice 
in C. / is a elliptic function with respect to L if f{z + id) = f(z) for all u £ L. 

Theorem 1.2. (i) p(z;L) is a meromorphic function on C. 

(ii) p(z;L) is elliptic with respect to L. 

(Hi) p(z; L) has pole of order 2 for all ui € L and is holomorphic for id € C \ L. 

Proof. In order to prove (i) we use Weierstrass Theorem which states that limit 
of sequence of meromorphic functions converging on every compact subsets of 
the domain is meromorphic on the domain. We begin by estimating the term 
in the p-function. 

1 1 ui 2 — (z + id) 2 —z(z + 2uj) 

( Z+id ) 2 id 2 id 2 {z + id) 2 td 2 (z + id) 2 


If |w| > 2\z\, then 


and 


\z + u\ > |M - |z|| > y 
\z + UJ I < \z\ + |w| < -y 


Now 


z(z + 2u>) , | 2 ||z + 2w| 


2 (z + u>) 


21 “ M 2 lfl 2 


I I 


< 


Ml 

4 


= 10 T 


M' 


If z fL L, then 


p{z) = 4 + 


E 


i 


i 


— J \{z-\-id ) 2 id 2 ) V(^ + w ) 2 id* 

weL\{0},M<2|z| J u>eZ,\{0},M>2|z| ' 


E 


i 


i 


There is only finitely many number of terms except in 


E 

<zgL\{0},M>2|z| 


1 


1 


(.Z + id) 2 


but 


E ( 77 ) 


o;GL\{0},|o;|>2|2:| 


{z + id) 2 




E < 


cjGL\{0},|o;|>2|2:| 


As right hand side is convergent by Lemma 1.1, p is convergent and well defined 
for z G C \ L. 

Let 2 j£C and consider an open ball B of radius r around it. Choose A such 


4 



that A >max z6 s2|2|. For z £ B, we have 


p(z) = — + 


E 


wei\{o},M<A 


1 


1 


(z+Uj) 2 


E 

weL\{0},M>A 


1 


1 


( Z+OJ ) 2 w 5 


except in the last summation we have finite sum of meromorphic functions which 
is meromorphic. 

On the other hand , if |w| > A then |w| > 2\z\, so 


1 


(2 + w ) 2 u 1 


11 < 10 AL < 5 A 


2 1 — 


|3 - 


and J]|^|> 2 A is convergent. Therefore by Weierstrass M-test the series 
X^ 6 j l\ { o},M> 2 |z| ^ ^ 2 ) is uniformly convergent. This proves (i). 

From the above uniform convergence we can write 


p'( z ) ~ ( 72 ) + E 

ojGL\{ 0 } 


(2- W ) 2 


-yy=- 2 0 e 


z° , (z + w) 3 

w6L\{0} V 


= -2(4 + E t-A^U^Et-Ags 

Therefore p' is elliptic. To show p(z+oj) = p(z) it is enough to show p(z+uj 1 ) = 
p(z) and p(z + w 2 ) = p(z). 

But (p(z + wi) - p(z))' = p'{z + wi) - p(z) = 0 since p'(z + wi) = p'{z). This 
implies p(z + u>\) — p(z) = I\ where K is some constant, on putting 2 = ^ 
we have p(yr) — p(— y 1 ) = K i.e. K = 0 since p is an even function. Hence 
p(z + w 1 ) = p(z). One can similarly show that p(z + w 2 ) = p(z). 


We see that p(z) has a pole of order 2 at 2 = 0 G L. Since p(z) is peri¬ 
odic with respect to L, it has a pole of order 2 at points inside L. Also for 
2 € C \ L, p(z) is in fact holomorphic by above argument. □ 

Now we will see a connection between p and Gk- 

Lemma 1.3. Let p and Gk be defined as previously for a lattice L. Then in a 
neighbourhood of 0 we have, 


p( z ) = + E( 2n l)^ 2 n +2 {L)z 2n 

Z 71 — 1 


Proof. For \x\ < 1 we have 


1 

1 — x 


OO 


E* 

n —0 
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Since a power series can be differentiated terms by term within its radius of 
convergence, we have = 1 + Y^= i( n + l)®"- For \ z \ < M we put x = 

in the previous series to get 


1 00 (7 

_^ = i + £ (n+ i)(_ 


which implies 


so that 




- 1 = £(« + 1 )(^ 


(z-uj) 


1 1 00 

-^ = E( n + 1 ); 


,n +2 


n= 1 


Taking summation for u> £ L \ {0} we get 


£ 

cjG-£/\{0} 


1 1 


{z + uy 


uei\{ 0 } 


-^)= £ £ £ (n+1) 


,n +2 


weL\{0} n=l 


equivalently 



00 r n 

£ £ 

n=l w6i\{0} 


(since the convergence is absolute) 

Therefore 

1 OO 

P( z ) = ~2 + £(« + l)Gn+2(i)^ n 

2 n—1 


p(z) is an even function which implies all the coefficients of the odd powers are 
zero. 

Therefore we have p(z) = + I2^Li( 2n + l)G 2n + 2 (L) 2 2 ". □ 

Definition 1.4. Let L be a lattice. We define g 2 (L) = 60Gi(L), g 3 (L) = 
140G 6 (L). 


1.2 Differential equation satisfied by p 

Lemma 1.4. Let L be a lattice. The differential equation satisfied by p(z) is 
given by 

p'{zf = 4 p(z) 3 - g 2 {L)p(z) - g 3 (L) 

Proof. From Lemma 1.3, we have 

OO 

p( z ) = ^2 + £(2n + l)G 2n +2(L)z 2 ” 


6 


N| 3 



which implies 


—9 .. 

p'\z) = — 3 - + 2n(2n + l)G 2 n+ 2 (L)z 2n 1 

* n=l 

. As p'{z) has pole of order 3 and p(z) has pole of order 2 at origin we compute 
first three terms of p(z) 3 and p'(z) 2 . On doing so we find 


p{z) 3 — d— Z 2 ~ + 15G6 (L) + 


and 


,, , 2 _ 4 24G 4 (L) 


p'{zY = -«- 


-80G 6 (L) 


where ... involves positive powers of z. 

Now we consider 

F(z) = p'{z) 2 - 4 p(z) 3 + 60 G 4 (L)p(z) + 140G 6 (L) 

and note that F( 0) = 0. Since G 4 (L),G e (L),p(z) and p'(z) are periodic with 
respect to L, F(z) = 0 for all z € L. p and p' are holomorphic on C \L , hence 
so is F. Thus F is entire. Image of F(z) having C as domain is determined 
by considering F(z) on P = {swi + tw 2 \ 0 < s,t < 1} as F(z) is periodic with 
respect to L. As P is compact and F(z) is continuous, image of F(z) having P 
as domain is also compact and hence bounded. By Liouville’s Theorem F(z) is 
constant which is identically 0 . 

Therefore 

p'{z) 2 = 4p(z) 3 - g 2 (L)p(z) - g 3 (L) 

□ 

Lemma 1.5. Let L be a lattice, p{z) be the Weierstrass 4> function for L and 
let p(z) = T 2 + J^Li(2n + F)G 2 n+ 2 {L)z 2n be its Laurent expansion. Then for 
n € N the coefficient (2 n + l)G 2 n+ 2 {L) is a polynomial in g 2 (L) and gz{L) with 
rational coefficients independent of L. 

Proof. We start with 


p'{z) 2 = 4 p(z) 3 - g 2 {L)p{z) - g 3 {L) 

For simplicity we denote (2 n + l)G 2 n+ 2 {L) by a n . In order to have a rela¬ 
tion between the a n ’s we differentiate the above equation, cancel p'(z) and get 
p"(z) = 6p(z) 2 - ?2P±L. 

We now put p(z) = -Jr + a nZ 2n in the above equation. 

On one side we have 

a 00 

p'\z) = + 2n(2n - 1 )a n z 2n ~ 2 
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and on the other hand the coefficient of z 2n 2 in 6p(z) 2 — 

6 ( 2 a n + YJlZi aidn-i-i ) 

So we have 


n —2 


2n(2n - l)a n = 6(2a n + ^ a*a n _i_*) 

i=l 


92{L) 

2 


is 


equivalently 


or 


or 


n—2 

(n(2n - 1) - 6 )a n = 3 ^ aia n -i-i 
i =1 

n—2 

(2n 2 — n — 6 )a n = 3 ^ aia n -i-i 

i=1 
n—2 

(2n + 3)(n - 2)a„ = 3 ^ aia„_i_j 

i=l 


Since ai = 2>G^{L) and 02 = 5Gg(G) we have 32 (G) = 60G4(G) = 20ai , 33 (G) = 
140Ge(G) = 28a2 and a\ = 9 , 02 = g3 2 ^ . By induction assume that a,j is 
a polynomial in g 2 (L) and g%(L) with rational coefficients for 1 < j < n. From 
the recurrence relation we have 


n+l-2 

( 2 ( 77 - + 1) + 3)(n +1 — 2)a n +i = 3 E ^«^n+l— 1 — i 

i— 1 


i.e. 


n—1 


&n+1 — 


3JZi 


CLq CLqq — q 


(2n + 5)(n- 1) 


Thus a„+i is a polynomial in 32 (G) and 33 (G) with rational coefficients and 
proof is complete. □ 


Lemma 1.6. Let z,w £ L. If p(z) = p(w) then z = ±w mod L. 


Proof. Let {tCi, W 2 } be a basis of G. Let P denote the parallelogram {swi + 
tu 2 | <5 < s, t < S + 1 } where — 1 < <5 < 0 and T denote its boundary oriented in 
anticlockwise direction. Also every complex number is congruent to a number 
in P modulo G. Now let w be fixed. Consider f(z) = p(z) — p(w). We can 
adjust 6 in such a way that f(z) has no zeroes or poles on T. By argument 
principle we have 



m 

f(z) 


dz = 


Z -P 


where Z denotes the number of zeroes and P denotes the number of poles of 
/ counted with multiplicities. Since is elliptic w.r.t G, the integrals on 

opposite sides on T cancels out implying f r Y^-dz = 0. This shows Z = P. As 



— 1 < S < 0, f(z) has only one pole at 0 with multiplicity 2. So f{z) has either 
two zeroes with multiplicity 1 or one zero with multiplicity 2 . 

Note that if z £ C\A, we can always have z' such that z' = z mod L and z' £ P. 
If w ^ — w mod L then w, —w are equivalent to two different points say w', —w' 
respectively inside P modulo L. However f(w') = f{w) = p(w) — p(w) = 0 
and f(-w') = f(—w ) = p(—w) — p(w) = p{w) — p(w) = 0 (as p(z) is an even 
function. So in this case w and —w are the roots of f(z) meaning p(z) = p(w) 
for z = ztw. Also note that w has multiplicity 1 which implies p'(w) ^ 0. 

Again if w = —w mod A, then 2 w £ L. Since p'(z ) is elliptic w.r.t L and 
is an odd function we have p'(w) = p'(w — 2 w) = p'(—w ) = —p(w) which 
implies p'(w) = 0, so that at w, f(z ) has multiplicity more than 1 . As f(z) has 
either two zeroes with multiplicity 1 or one zero with multiplicity 2 , at w it has 
a zero with multiplicity 2. This completes the proof of the lemma. □ 

Lemma 1.7. Let L be a lattice. Then the roots of the polynomial 4x 3 — g 2 (L)x — 
gz{L) are distinct. 

Proof. Let w fL L. From the proof of the previous lemma we have that p'(w) = 0 
if 2 w £ L. If p'(w) = 0, then p'(—w) = 0 as p' is an odd function. Since p' is 
elliptic and p'(w) = p'(—w), we have w = —w mod L equivalently 2 w £ L. Also 
from the proof of the Lemma 1.4 we have p'{z) 2 = 4p(z) 3 —g 2 (L)p(z)—g 3 (L). If 
{cui, CJ 2 } is a basis of L then we have ^ L and wi, 0 J 2 , u>i +ui 2 £ L. 

So p'(^) = p'(^) = p'( u>1 + a ’ 2 ) = 0. The differential equation tells us that 
p(^), p(^), p( Ml ^ 2 ) are roots of the eciuation 4a ; 3 — g 2 (L)x — gs(L) which are 
further distinct which follows from the lemma 1 . 6 . □ 

Lemma 1.8. Let L be a lattice. Then A (L) = 32 (A ) 3 — 2733 (A ) 2 ^ 0. 

Proof. Let ei,e 2 ,e 3 be three roots of the polynomial, then 

4a ; 3 - 32 (A)a; - 33 (A) = 4(a; - ei)(x - e 2 )(x - e 3 ) 

On comparing coefficients of a; 2 , a; and the constant term we have ei + e 2 +e 3 = 0 
, eie 2 + e 2 e 3 + e 3 ei = ~ 92 ^ L '> and eie 2 e 3 = SifTl. 

Note that (ei — e 2 ) 2 = (ei + e 2 ) 2 — 4eie 2 = e§ — 4eie 2 . So we have 

(ei - e 2 ) 2 (e 2 - e 3 ) 2 (e 3 - ei ) 2 = (e 2 - 4 eie 2 )(e 2 - 4eie 3 )(e 2 - 4e 2 e 3 ) 

= (eie 2 e 3 ) 2 -4((eie 2 ) 3 + (e 2 e 3) 3 + (e 3 ei) 3 )+ 4 2 (eie 2 e 3 )(e 3 +e 3 +e 3 )- 4 3 (eie 2 e 3) 2 


Now using the identity 

(a + b + c) 3 = a 3 + b 3 + c 3 + 3(a + b)(b + c)(c + a) 
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where a, b, c £ C we have 


e i + e 2 + e 3 — ( e i + e 2 + e 3 ) 3 — 3 (ei + e2)(e2 + e 3 )(e 3 + ei) 

= 0 + 3 eie 2 e 3 = 3 eie 2 e 3 as e\ + e 2 + e 3 = 0 
and (eie 2 ) 3 + (e 2 e 3 ) 3 + (e 3 ei ) 3 

= (eie2 + e2e 3 + e 3 ei ) 3 — 3 (eie 2 + e2e 3 )(e2e 3 + e 3 ei)(e 3 e2 + e2ei) 
= (eie 2 + e 2 e 3 + e 3 ei ) 3 - 3 eie 2 e 3 (-ei)(-e 2 )(-e 3 ) 

= (eie 2 + e 2 e 3 + e 3 ei ) 3 + 3 (eie 2 e 3 ) 2 

Now using eie 2 + e 2 e 3 + e 3 ei = ~ 92 ^ L ' ) and eie 2 e 3 = oALl 
we get 

(ei - e 2 ) 2 (e 2 - e 3 ) 2 (e 3 - e 3 ) 2 = 

. Since ei,e 2 ,e 3 are distinct A (L) Y 0 


g 2 ( L) 3 -27g 3 (L) 2 
16 


□ 


Definition 1.5. Let L be a lattice. Let A(L) = (g 2 (L)) 3 — 27 (g 3 (L)) 2 . The 
j-function is defined to be 

,[L) - 172f W),3- 27,MDf - 1728 ^r 

This makes sense as from Lemma 1.8 we have A (L) Y 0 

Definition 1.6. Two lattices L and L’ are said to be homothetic if there exists 
A £ C \ {0} such that L’ = XL. 

Theorem 1.9. Let L and L’ be lattices in C. Then j(L) = j(L') if and only if 
L and L' are homothetic. 

Proof. Let L and L' be homothetic, so that there is A £ C \ {0| such that 
V = XL. Then 


1 


= A 4 x 60 ~ 4 = A 4 92 (L) 

' CJ 4 


(Aw)- 


u6l\{0} 


g 2 (XL) = 60G 4 (XL) = 60 Y 

u£L\{ 0} 

similarly g 3 (XL) = X~ 6 g 3 (L) and 

PXL) = 172S A ~ 12 (^W) 3 = 1728 ^(L)) 3 

J(X ] 728 A-i2 (52(L))3 _ A -i 2(ff3(L))2 7 “ 8 ( 52 (L))3-27( 53 (L))2 j( } 

Conversely, suppose L and L' are lattices such that j{L) = j(L'). Firstly we 
claim that there exists a non zero complex number A such that <]■> ( L') = g2 ffl 
and g 3 (L') = 

When g 2 (L'), g 3 (L') / Owe can choose A such that A 4 = g*(L') and as j(L') = 
j(L) we have 

giiL'f g 2 {L) 3 


1728 


g 2 {L') 3 — 27g 3 (L') 2 


= 1728 


g 2 (L) 3 - 27 53 (L) 2 


10 



equivalently 


A 32 (£) 3 = 32(h) 3 

A - 12 Q 2 (L) 3 - 27g 3 (L')i ~ g 2 {Lf - 27.g 3 (h) 2 

A - 12 9 2 (L) 3 - X~ 12 27g 3 (L) 2 = X~ 12 g 2 (L ) 3 - 27 ff3 (L') 2 


Thus 


A 6 = ± 


33(h) 
33 (h') 


If necessary replacing A by iX we can assume that A 6 = + H[l)) an< ^ we are 
done. 

When g 2 (L’) = 0, we must have g 3 {L’) ^ 0 since A(I/) ^ 0. we can choose 
A such that A 6 = ■ In such case j(L') = j(L) implies j(L) = 0, so that 

g 2 (L) = 0 and our claim holds. 

When g 3 (L') = 0, we must have g 2 {L’) ^ 0 and j{L') = 1728 = j(L) which 
implies g 3 {L) = 0. Then we can choose A such that A 4 (L) = g^(L') anc ^ this 
proves our claim completely. 


Now we claim that L' = XL. We have g 2 {L’) = g 2 (XL) and g 3 (L') = g 3 {XL). 
Lemma 1.4 implies p(z; L') and p(z; L) have the same Laurent expansion expan¬ 
sion about origin, hence the two functions agree on a neighbourhood of origin 
and by analytic continuation we have p{z\L') = p(z\L) everywhere in C\L. 
The set of poles for p(z; L 1 ) is L' and the set of poles for p(z; XL) is XL which 
have to be equal i.e. L' = XL. □ 

Theorem 1.9 implies that upto homothety of lattices, j-function is an in¬ 
variant which we say ^-invariant of a lattice upto homothety. Apart from this 
notion of j-invariance there is another way to see j-invariant as a modular func¬ 
tion over SL 2 {Z). In this notion, the j-function is a function on the upper half 
plane of the set of complex numbers, which we define below. 


1.3 The j-function as an action of SLziT,) 

Definition 1.7. Let 1) denote the upper half plane i.e. I) = {z £ C | Im(z) > 0}. 
Let r £ f), j(r) is defined as j(r) = j(Z® Zr). 

We similarly define 

' x 

32 (t) = g 2 {Z®Zr) = 60^] -——- u 

^ [m + nr) 4 

m,n 

and 

' 1 

33 (t) =g 3 (Z®Zr) = 140^-——--g 

' (m + nrr 

m,n 

where denotes summation over all pairs of integer except the pair (0, 0). 

Therefore by Definition 1.5, j(r) = 1728^^-. 
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Now we consider the action of the group 


SL 2 (Z) 


a b 
c d 


| a,b,c,d G Z and ad — be = 1 } 


on f) defined as follow : if r G f) and 7 = 
We show that it is indeed an group action. 


G SL 2 (Z), then 7 r 


qr+b 
cr-\-d' 


Lemma 1.10. Let G = SL 2 (Z), X = (1 and for r € I), 7 
set 7 t = TTien G acts on X (on the left). 

Proof. We start with showing 7 r G SL 2 (Z). We have 


a b 
c d 


G SL 2 (Z) 


ar + b (ar + b)(cT + d) ac\r\ 2 + bd + adr + ber 
ct + d \ct + d\ 2 \ct + d\ 2 


since |r| 2 , |cr + d\ 2 G R. and Im(r) = — Im(r) we can write 


ad-be Im{r ) 

/ ? ti(7t) = t -/?n(r) = 


| CT + G?| 2 

which is positive as Im(r) > 0. This shows 7 r G f). 

1 0 


+ d | 2 


Clearly 
If 71 = 


0 1 
di b x 
ci di 


T = T. 


7i (72 t) = 71 


and 72 = 

/ a 2 r + b 2 
V c 2 t + d 2 


a 2 b 2 
c 2 d- 2 


, then 7172 = 


a l a 2 + ^l c 2 a 1^2 + h\ d 2 
C\a 2 + d^c 2 Ci 62 + d\d 2 


a 1 


( a2T+i>2 \ , 7 I a 1 a2T+a 1 b 2 +b 1 C2T+b 1 d2 \ 

C2T + d 2 J ' 1 l C2T+d2 J 


Cl 


a 2 T + &2 

C2T + d 2 


di 


Cia 2 T+cib 2 +d 1 C2T+did2 

C 2 T+d 2 


(aia 2 + bic 2 )r + (ai 6 2 + b\d 2 ) 
(cia 2 + dic 2 )r + (ci 6 2 + d\d 2 ) 
Thus SL 2 (Z) acts on f). 


= (7i72)t 


□ 


Definition 1.8. Let r, r' G 1). r and r' are SL 2 (Z) equivalent if there exists 
7 G SL 2 {Z) such that r' = 7 r. 

Lemma 1.11. Every point t G t) is SL 2 (Z) equivalent to a point r' G I) satzs- 
/yzn^ |i?e(r , )| < | and Jm(r') > |. 

Proof. If Im(r) > | then there is m G Z such that r' = r + m = 
satisfying --Re(r')| < We are done for the case when Im(r) > \ as 
n T 1 G SL 2 (Z). 


1 TO 

0 1 
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If Im(r) < then from the argument just before we can assume there is t' 
equivalent to r satisfying |Re(r')| < \. So we have \t'\ < Now 


Im 


0 

1 





> 2 /to(t') 


€ «SX 2 (Z), t' is SL 2 (Z) equivalent to -p-. However by the 

above argument, we can choose t" equivalent t' with imaginary part of t" 
more than twice of imaginary part of t' . Proceeding finitely many times, we 
arrive at f which is SL 2 {Z) equivalent t' satisfying Im(f) > |. So we have f 
which is SL 2 (Z) equivalent to r having the desired property. □ 


Since 


0 -1 

1 0 


Lemma 1.12. 


lim j(t) = 00 

00 


Proof. Firstly we try to show 32 ( 1 ") converges uniformly on every compact sub¬ 
sets of Ip We have already showed that < 72 ( 1 ") is absolutely convergent. Note 
that Z ® Z(r + 1) = Z © Zr which implies g 2 (r + 1) = g 2 (r). Thus by Lemma 
1.11 it suffices to show the convergence is uniform where r satisfies |Re(r)| < | 
and Im(z) > e with 0 < e < 1. We claim that | m + nr\ > | Vm 2 + n 2 . 

Once we show this we will have 


1.92(t) | <60^ 


14 - 


< 60 


16 


m.n 


l (m 2 + n 2 ) 2 


By Weierstrass M-Test, uniform convergence will be shown once we see that the 
right part converges. Hence 


/ 

E 

m,n 


1 

(to 2 + n 2 ) 2 


/ 

E 

m,n 


1 

(| to + ni | 2 ) 2 


E 

wSL\{0} 



(where L = {m + ni \ to, n G Z}) is convergent by Lemma 1.1. 

We now show that \m + nr\ > ^y/m 2 + n 2 , which is equivalent to show 

(to + an) 2 + b 2 n 2 > ~^(w 2 + n 2 ) 

where t = a + bi (a, & € K) whenever |a| < | and b > e with e < 1. 

If |to + an\ > ||to|, then 

2 2 2 2 
. , 9 m e , , ,, 9 . . 9 n e 

(m + an) > —-— and (nb) > ( ne ) > — 

which immediately implies the claim. 

If |to + an\ > ||to|, then \m\ < |n|. Suppose not, then \m\ > \n\ equivalently 
— \an\ > (as \a\ < |). Hence 



< | \m\ — |an|| < \m + an\ < 


£| to | 

~Y~ 
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which is a contradiction. 
Again 


(m + an) 2 + (bn) 2 = m 2 + a 2 n 2 + 2 man + b 2 n 2 > m 2 + a 2 n 2 — |m||n| + b 2 


2 2 2 2 2 2 2 

9 9 9 . l9 9 m n e m e n e 

> m 2 + a 2 n 2 — mf + b 2 n 2 > — —I-— > — -1--— 

~ 4 4 — 4 4 


= — (m 2 + n 2 ) 
4 v > 


One may similarly show the uniform convergences of <73 (r) for every compact 
subsets of (7. 

We then compute limits of <72 (t) and <73(r) as Im(r) —> 00. 


lim go (t) = lim 60 > 


1 


Im(r )—>00 ' Im(r)—too ^' (?7< A7r7") 4 


= lim 60 ( 2 —j + 

7m(r)—>-oo \ ^' 777. 4 ^' 


m,n=—oo,n^0 


(m + nr) 4 


on using the uniform convergence shown above and taking the limit inside the 
summation we have 


lim 

Im(r)—¥ oo 



A proof of X)m=i r?H = fo can f° un( i at reference. Similarly using X)m=i ^ = 

4 

tAf from reference we can show 


lim <73 (t) 

im(Tj-HX) 



consequently these limits imply 

lim A(r) = (|tt 4 ) 3 - 27 (^tt 6 ) 2 = 0 

im(r)—>o o O Zi 


. Thus we conclude 


lim j( T ) = 00 
Im(r)—>oo 


□ 


Theorem 1.13. (i) j(r) is a holomorphic function on f). 

(ii) LetT,r' £ f). j(r) = j(r') if t',t are SL2(1f equivalent. 

(Hi) j : —> C is surjective. 

Proof. By lemma 1.8 which states A(L) 7^ 0 for a lattice L, it is enough to show 
that <72(7") and <73 (r) are holomorphic on f). However from the proof of lemma 
1.12 we have <72(7"), <73(7") converging uniformly on every compact subset of t). 
Hence both <72(7") and <73(r) are holomorphic which imply A(r) and j(r) are 
holomorphic on f). This proves (i). 
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Let t,t' £ f) such that t' = 7 r for 7 = 

1 . 7 , we see that 9 2 (t') = (e g T 2 {^ )4 and 53(r') = 
ties we see that 


6 

d 


e 


33 (t) 

(cr+d ) 6 * 


SX 2 (Z). By definition 
Using these two identi- 


j(r') = 1728 


52 (t ') 3 


52 (t ') 3 ^ 279 3 (t ') 2 


= 1728 


(cT + d) 12 9 2 (r) 


(cr + d) 12 (5 2 (r ) 3 - 27 . 93 (r) 2 ’ 


= j(r) 


Hence proof of (ii) is done. 


Image of j-function is an open subset of C by open mapping theorem. To 
show that j is surjective it is now sufficient if we show that image is closed. Let 
j ( T n ) be a sequence converging to w £ C. By Lemma 1.11 we can assume that 
for n € N, r n € {r £ t) | | Re(r)| < |Im(r)| > 5 }. We claim that imaginary 

parts of j{r n )'s is bounded. Suppose not, then by Lemma 1.12 there will be a 
subsequence j(r nk ) diverging to 00 which is impossible as j(r„) is convergent. 
Hence r^s lie in a compact subset of 1), so there is a subsequence r„ fc converging 
tore [). Therefore 

w = lim j(r„) = lim j(r nk ) = j{ lim r n J = j(r) 

n —> 00 k —> 00 k—y 00 

as j is continuous on 1). Therefore j is surjective. □ 


1.4 The g-expansion of j-function 

Lemma 1.14. Let z £ C \ Z. T/ien we have 


7r cot (772) 



Proof. Let z £ C \ Z, then cot( 7 T 2 ) is holomorphic on C \ Z, so we focus on 
the infinite sum. Firstly we see that it is absolutely convergent. The sum 
SneN I z 2 -n 2 1 is convergent by comparison test and the fact that 77 

converges. Let D be a neighbourhood around 2 whose closure in C does not 
intersect C \ Z. Hence for all w £ D, \w\ < e for some e > 0 and e ^ N. We will 
show 


m = 1 + 


00 

E 

n— 1 


1 


1 


is holomorphic on D, so in particular is holomorphic at 2. For w £ D, 


< 


-2 as | w 2 — n 2 1 > ||w | 2 — n 2 | > |e 2 — n 2 | and since 


is convergent, / is uniformly convergent on D. By applying Weirstrass theorem 
we see that / is holomorphic on D. 

f is periodic with period 1 as the difference of the partial sum converges to 
zero. One also checks that both 7rcot(7T2) and f(z ) have a simple pole for every 
integer. Thus it follows that 9(2) = 7rcot(7T2) — f(z) is an entire function with 
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period 1 . Once we show g is bounded everywhere, we will have g(z) = k for 
some constant k £ C. Furthermore g is odd would imply k = 0. 

Since both / and 7 rcot( 7 rz) are odd functions g is odd and Im ( g ) is determined 
by its image on f) U K. To show g is bounded it is sufficient if we show that / 
remains bounded as Im( 2 ) —> oo since by the formula 

g 2 niz i 

^cot M = 7 ri e2 „ iz _ 1 


we have 7 rcot( 7 T, 2 :) tends to —7 n as Im(z) — b oo. Suppose that z = it , then 
/(*) = Tt~ 2 *E„ e n As P+iP ^ Jn—i wh? dx and the integrand has 

tan -1 the series is bounded by 

f 1 2 dx= 

Jo t 2 + a ; 2 

Since / has period 1, we can assume 2 = it + r, where |r| < Note that t can 
be chosen large enough such that \(t 2 + n 2 ) > \ +t for n?N and t>\ as we 
wish to show / is bounded for t —> oo. Now 


tan — 


7T 

2 


| 2 2 — n 2 1 = | — (f 2 + n 2 ) + r 2 + 2 zfr| > | (f 2 + rc 2 — r 2 ) — ( 2 tr) | 
> |f 2 +n 2 - | -i| > \{t 2 +n 2 ) 


and \z\ = \it + r\ < t + \ < 2t imply 



and the proof of the lemma is complete. 

Lemma 1.15. Let ref) and n £ N. We have the following 

+ 00 1 O 4 00 


□ 


E 


m =—oo 


i 


(m + nr ) 4 


87T v > 


r 3 e 2nirn.T 


and 


+oo 

E 


m——o o 


l 


-8 tt 6 


(to- + nr ) 6 15 


E 

r—1 


r 5 e 2TTirnT 


Proof. We begin with the partial fraction decomposition of cotangent which we 
proved in the previous lemma. 


1 ^ ( 1 1 

7T COt. TTT = -b > - 

T \ T + TO TO 

m=-oo,m^0 
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. As r = x + iy € ft with ifl and y > 0 


| e 27rir| = | e 2«x-2^y| = | £ 2nix 11 g-2^ | < X 

as |e 2irix | = 1 and | e - 27ry | < 1 

Denote q = e 2mT , then we have |g| < 1 and we see that 


7 r cot 7TT = 7T 


/ | • \ / 1+ COS 27TT \ I •/ Sin 27TT \ 

COS 7TT _(COS 7rT + 1 Sin 7 rr) COS 7TT —— 2 -J + H- 2 -/ 


= 7T- 


= 7T- 


sin 7rr ( cos 7rr + * sin nr) sin ttt (~ §m ^ K£ ) + i (-— c ° s 2nT ) 

q , 1 


. 1 + ( cos 27rr + i sin 27rr) . q + 1 

= 717 (cos 27rr + i sin 2 ttt)- 1 = = _7r ® 


1-9 1-9 


= -7T* ( E ^ + E ^ ) = 7™ ( 1 + 2 E 1 


r—0 r—1 


r—1 


If we replace q = e 27 ” r and use this identity in partial decomposition of cotan¬ 
gent we will have 


1 

T 


E 

m=-oo,m^0 


1 -I)=-7n( 1 + 2V, 

ml \ f ^ 


t + m m 


,2nir 


Differentiating three times we have 


-3! y. 3! 

r 2 ^ (t + to) 4 

m—-oo,m^0 


= -(2-) 4 E 


3 271 -irr 


equivalently 


E l 87T V > 

(r + to) 4 3 2— 1 

n=— 00 v 7 r—1 


4 00 


? , 3 e 2 ir irr 


on replacing r by ?rr we have 


E 


m=— 00 


87T 


(to. + nr) 4 3 


4 00 

E 

r—1 


r 3 e 2mmT 


Similarly differentiating five time and the replacing r by nr we have 

1 - 87 r 6 


E 


m =—00 


(to. + nr) 6 15 


■E 


r 5 e 2TTimT 


Lemma 1.16. If r € f), t/ien we have 

^4 


, 4 / txj \ 

92(t) = ^- (! + 240 5> 3 (fc)e 27rifcT J 


□ 
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and 




where a t (k) = J2d\k & f or * G N. 

Proof. We shall prove the first one and the second one will follow similarly. We 
have 

+oo 1 

02 (t) = 60 ^ - -rj 

^ s (m + nr) 4 

m,n=— oo,(m,n)7^(0,0) 


= 60 


£ m4 + Z £ 

L m=—oo,m^0,n—0 n=l m =—oo 

4 oo oo 


oo oo 


1 


1 


= 60 


2tt 

■90 +2 ^ T, 


(m + nr) 4 (m — nr) 4 

1 


= 60 


n —1 m =—oo 

27T 4 16^ 4 y.y. 

90 + 3 


(to + ?rr) 4 


^,3 qTir 


where q = e 2 " r . As n, r varies over natural numbers nr also vary over natural 
numbers, so we collect the coefficients for which nr is constant in the double 
sum and note that for a fixed nr = k (say) we get precisely those r 3 terms as 
coefficient of q nr for which r divides k as r divides nr. Therefore we have 


92(r) = 

92{t) = 


4-7T 4 

IT 

47T 4 r 


1 + 240 £(£ r "l<r 

k =1 ' r\k 


1 + 240 X> 3 (fc)< 


27 vikr 


k =1 


□ 


Theorem 1.17. Let r € h- We have 

OO 

A(t) = (27r) 12 y^r(n)e 2 ”" T 

n —1 

where the r(n) are integers with r(l) = 1 and r(2) = —24. 

The arithmetical function r(n) is called Ramanujan’s tau function. 
Proof. For simplicity we denote 


■ 2 ™ t , A = J2 V3{n)q n and R = ^ a 5 (n)q n 

n —1 n—1 
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. We will use the previous lemma. We have 


A(r) =gl{r)~ 27gl{r) 

RA-i t 12 

= —- [(1 + 240A) 3 - (1 - 504B) 2 ] 

Note that A and B have integer coefficients. 

(1 + 240 A) 3 - (1 - 504B) 2 

= 1 + 720 A + 3(240) 2 A 2 + (240) 3 A 3 - 1 + 1008B - (504) 2 £ 2 
= 12 2 (5A + 7 B) + 12 3 (100A 2 - 1475 2 + 8000A 3 ) 

But 5A + 7B = X]^ =1 [5cr 3 (n) + 7a 5 (n)]q n . 

Observe that 

5 d 3 + 7d 5 = d 3 {5 + 7 d 2 ) = d 3 (d 2 - 1) = d 2 [(d - l)(d)(d + 1)] {mod 3) 

since product of three consecutive integers is divisible by 3, 
d 3 (5 + 7d 2 ) = 0 (mod 3). 

Again d 3 {5 + 7 d 2 ) = d 3 (l — d 2 ) (mod 4). If d is even, then d 3 is divisible 
by 4 and if d is odd, then d — 1 and d + 1 are even implying their product will 
be divisible by 4. So we have d 3 (5 + 7d 2 ) = 0 (mod 4). 

Thus we have d 3 (5 + 7 d 2 ) = 0 (mod 12). This shows 12 is a factor of the 
power series 5 A + 7B and 12 3 is a factor of (1 + 240A) 3 — (1 — 504£?) 2 . 
Therefore we have 

A(r) = — (12 3 £ r(n)e“ ) = (2 tt) 12 £ r(n)e 2 ^ 

' n=l ' n—1 

where r(n) are integers as in the power series expansion of 
( 5 j4 12 7B) + (100A 2 — 147S 2 + 8000A 3 ) coefficients are integers. 

Now we look for the coefficient of x in ( 5A +J B '> (100A 2 — 147 B 2 + 8000A 3 ) 

which is = l. so r(l) = 1. 

Similarly for r(2), we look for coefficient of x 2 in 
(5j4 + 7B) + (100A 2 - 147S 2 + 8000A 3 ) which is 

■ 5„(2)+7. 5 (2) +10o<>3(1) - 147[75(1) ] = px 9 ^7x33 _ 47 j =23 _ 4T =_ 24 
so r(2) = -24. □ 
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Theorem 1.18. If t € fp then we have 


j(r) = - + 744 + c(n)q n 

H n =l 


where q = e 27 ™ r and c(n) are integers. 

Proof. In order to avoid tedious calculation we denote any power series in q 
with power of q starting from two or more than two and integer coefficients as 
/. If q = e 2mT , then we have 


and 


hence 


R4tj- 12 P>Ait 12 

gl(r) = -^-(1 + 240 q + if = — (! + 720g + I) 


647T 12 

A(r) = —[l2 3 q(l-2A0q + I)] 


j(r) = 1728 


Si(r) 1 + 720(7 + / 


A(t) 5(1 — 24g + /) 

_ (l + 720g+ /)(! + /) _ (1 + 720g + /)(! + 24g + I) _ 1 + 744g + I 
5 (l- 24 g + I) “ 5 q 

as (1 + 24g + J)(l - 24g + I) = (1 + /) 

Therefore 


j(r) = - + 744 + 0 ( 71 ) 5 " 

n ' 


n—1 


where c(n) are integers as / has integer coefficients. 


□ 


j( T ) = - + 744 + c ( n )g n 

^ n—1 

is called the 5 -expansion of j- function. In the next section we learn more about 
the 5 -expansion of a modular function. 


2 Modular functions for Tq( m) 

Now we will focus on a particular subgroup ro(?n) of where m being 

a positive integer, which will enable us to define modular functions, which is 
defined as 


r 0 (m) = 


£ SL^ifU) | c = 0 (mod m) 
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Definition 2.1. / is a modular function for To(to) if / is defined on 1) satisfying 

(i) / is meromorphic on f), 

(ii) /( 7T ) = /( r ) for 7 <E r 0 (m), 

(iii) The q-expansion of /(yr) has only finitely many non zero coefficients for 
negative powers for all 7 e SL 2 (Z) ■ 


In order to understand (iii) we need to consider the following paragraph. 
Let / is a function defined on (1 satisfying (i) and (ii), we claim that /(yr) has 
period m for 7 £ SL 2 (Z). Proof of this is as follows. 


Proof. If U 


1 TO 
0 1 


and 7 


a b 
c d 


€ SL 2 (Z), then 


yt/y 1 


a b 


' 1 

m 


d 

-b ' 


a am + b 


d -b ' 

c d 


0 

1 


—c 

d 


c cm + d 


—c d 


ad — be — acm —ab + adm + bd 
dc — c 2 m — dc —be + dem + d 2 

Now /(y(r + m)) = /(yt/r) = /(yf 7 ( 7 _ 1 y)r) = /((yt/y^yr) = /(yr) by 
condition (ii). □ 

Let 7 € SL 2 (Z) be fixed and q = e 2mT . ./(yr) can be thought of as a 
function in which we denote as , since 

F(q~) = /(7r) = /(7(r + m)) = F(( g e 2 " im )^) = F(^e 2 ") = F(y) 

We see that F is defined for 0 < \q™ \ < 1 as g™ maps fi onto the punctured unit 
disk with centre at origin. Thus /(yr) has a Laurent expansion about origin 


1 — acm adm. + bd — ab 
—c 2 m edm + d 2 — be 


OO 

/(71-) = M 1 ?™)" 

n=—o o 


which we say the (/-expansion of /(yr). Therefore / s a modular function for 
ro(m) iff / satisfies (i) and (ii) of Definition 2.1 and (/-expansion of /(yr) has 
finitely many non zero coefficients for negative exponents for all y £ SL 2 (fL). 

Definition 2.2. (i) A modular function / for To (to) is said to be holomorphic 
if it is holomorphic on I). 

(ii) A modular function / for To (to) is said to be holomorphic at 00 if all the 
negative powers of in the (/-expansion of /(yr) has coefficient 0 . 

Theorem 1.13(ii) and Theorem 1.18 implies that j (r) is a modular function 
for To(l) = SL 2 ( Z). In the following part we show that a modular function for 
SL 2 (Z) is a rational function in j(r). 
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2.1 Classification of modular functions for SX 2 (Z) 

Lemma 2.1. A holomorphic modular function for S L 2 (fL) which is holomorphic 
at oo is constant. 

Proof. We start by showing that image of f) U {ioo} under / is compact. Let 
{/(t„)} be a sequence in the image. Since / is SL 2 (Z) invariant we can assume 
that r n £ {t £ fl | |Re(r)| < Irn(r) > g}. If {Im(r„) | n £ N} is bounded 
then r„’s he in a compact subset of f). Hence there is r € fl such that t„ converge 
to r which then by continuity implies /(r n ) converges to /(r). If {Im(T n ) | 
n € N} is unbounded then there is a subsequence r nk of r„ converging to ioo. 
Now as lim T _ s .j 00 /(r) = /(oo) exists as a complex number, we have 

Tn^j = /(oo) 

This shows /(f) U {zoo}) is compact, so there exists To £ f) U {zoo} such that 
|/( T o)| > |/(t)| for r in a neighbourhood of To- From maximum modulus 
principle it follows that / is constant which is equal to /(oo). □ 

Lemma 2.2. A holomorphic modular function for SL 2 (fL) is a polynomial in 
3(t). 

Proof. Withoutloss of generality let / be a holomorphic modular function for 
SL 2 (fL) which is not holomorphic at oo. The ^-expansion of /( 7 t) = /(r) 
has only finite negative powers of q. Let the least negative power f(r) has 
— n for n £ N. We claim that there exists a polynomial A(x) £ C[cc] such 
that /(r) — H(j(r)) is holomorphic at oo. We show this by induction on n. If 
n = 1, then ^-expansion of /(r) is given by Y^kL-i a kQ k with a_i ^ 0. Since 
g-expansion of j[r) starts with 1, the polynomial A(x) = a-±x does the job. By 
induction assume that our claim is true for rz. Let /(r) has the least negative 
power — (n + 1). The g-expansion of /(r) is given by akq k with 

a_(„ +1 ) ^ 0. Then /(r) — a_( ra+1 )(j(r))" +1 has the least negative power — n 
which by induction hypothesis implies that /(r) — a_(„ +1 )(/(r)) n+1 — A(j(r)) 
is holomorphic at oo for some A(x) £ C[x]. Hence /(t) — H(j(r)) holomorphic 
at oo where B{x) £ C[x] with degree n + 1. By previous lemma it follows that 
/(t) — B(j(r)) is constant and therefore /(r) is a polynomial in j(r). □ 

Theorem 2.3. A modular function for SL 2 (7 i) is a rational function in j(r). 

Proof. Let / be a modular function for SL 2 (fL). Since / is SL 2 {fL) invariant 
every pole of / is equivalent to one in 

R = {t £ f) | \Re(r)\ < ^ , Jm(r) > 

Note that / has finite number of poles in R. To see this we use the fact that 
/(t) has a meromorphic g-expansion which implies /(r) does not have a pole 
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for 0 < |g| < e where 0 < e < 1 as set of poles is isolated. So /(r) does not have 
a pole for Im(r) > which implies poles of / lie in 

1 1 log(-) 

{reh I \Re(r)\<-, - < Im(r) < 

which being compact can have finitely many poles. 

If /(t) has a pole of order m at r 0 G I?. The function j(Y) — j( r o) is holomorphic 
at To and has a zero at To- Hence j( T ) — j( T o) = (r — To)g(r) for some r in 
a neighbourhood of To and g being holomorphic on the same neighbourhood. 
This helps us to conclude that (j(r) — j( T o)) m /( r ) is holomorphic at r 0 . Hence 
/(r) is a rational function in neighbourhood of To- 

Now let ti, T 2 ,..., T n be the poles inside R with order mi, m 2 , ■■■,m n respectively 
for some n G N. Then the function rife=i(j( r ) ~ j { T k)) mk f (t) is holomorphic 
on R and by invarinace under SX 2 (Z) is holomorphic on f). By previous lemma 
rifc=iO( T ) ~ j( T k)) mk f(j) is a polynomial in j(r). Hence /(r) is a rational 
function of j(r). □ 


2.2 Cosets of C(m ) in r 0 (m 
Theorem 2.4. Let m G N, 

a b 


C{m) = 


0 d 


a, b, d G Z, ad = m, a > 0, 0 < b < d, gcd(a, b, d) = 1 


(To = ^ ^ anda£C(m). The set {(07 1 SX 2 (Z)(r)nSX 2 (Z) \ a £ C(m)} 

exhaust right coset o/T 0 (m) in <SX 2 (Z). 

Proof. Step-1 

Firstly we claim that T 0 (m) = (a^f 1 SL 2 {Z)ao) H SX 2 (Z). To see this we let 


7 = 


a b 
c d 


G Tq (to) so that c = Cim for some ci £ Z and let 77 = 


which lies in <SX 2 (Z) as ad — 6cir?z = ad — be = 1 = det( 7 ). 


a bm 
Ci d 


°b 1 »?o' 0 = 


T 0 

m 

0 1 


r - ° 1 

777, 


1" a bm ] 


m 0 

0 1 


_1 


0 1 


am. bm 
C\m d 


a b 
Ci?n d 


= 7 


Now let g = 


ai 61 


G (ct 0 i S'L 2 (^)tTo) 71 <SX 2 (Z). So g = cr 0 707 for some 


/ I £ SX 2 (Z) which implies c = ci?n and g £ To(m). 
Cl «i 


7 = 

Step-2 

In order to show that the set {(ctq 1 SL 2 (Z)a) ft 5L 2 (Z) | er G (7(m)} is a 
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right coset of ro(m) in 6 X 2 ( 2 !) we need to consider the following. Given 


6 = 


a b 
c d 


£ 6 X 2 ( 2 ) we wish to find T £ SL 2 (Z) and a = 


0 


such that (TqS = Ta . Let T 1 = 


w x 
V z 


and cqS = 


b' 

d! 


b” 
d” 

, then 


T _ 1 <to 6 = a implies ya' + zc' = 0 . So y,z can be found as a! ,c' are known. 
Since T -1 £ 6 X 2 ( 2 ), gcd (y, z) = 1 which implies that there exists w, x such that 
wz—xy = 1. T is now determined. So is <7. Now we multiply some special matri¬ 
ces from 6L 2 (2!) with a which does not change the coset of a in 6 X 2 ( 2 !) (say H) 


and give us another coset representative. Multiplying T = 


1 k 
0 1 


we have 


r 1 * 1 


r a" b" 1 


r a" b" + kd" 1 

1 

1—1 

0 

_1 


0 

_1 


0 

_1 


Tc r = 

resentative ar = 


which shows that a coset rep- 


0 


Further multiplying S = 
which shows a coset representative as = 


J, for H is possible such that br € {0,1,..., d" — 1}. 

// b „ 


-1 0 
0 -1 


with 17 , we have Sa = 
b" 


—a 
0 


0 


d s 


-d" 

for H is possible with 


a s,bg > 0. Note that S,T,T,S £ SL 2 CZ) implies that each of them have en¬ 
tries relatively prime. Furthermore the multiplication of two matrices in GL 2 (^) 
whose entries are relatively prime has its entries relatively prime. Since the 
matrices involved in determining as or <tt, he. cro 6 , T - 1 , 6 , T, have entries rel¬ 
atively prime, the entries of a are also relatively prime. 


Step-3 

To see that different er £ C(m) give different right cosets, let ct^ 1 6 L 2 (^)o'i = 
a^ 1 SL2{1j)a2 for some <ti ,<72 £ C(m). Then for some Tf and X 2 , a^ x T\a\ = 

Oq T2<7 2 which implies a\ = T 1 ^ 1 T 2 iJ 2 = X 3172 for some T 3 = 

6L 2 (^)- Now a\ = T^aj implies 7 = 0 . Also comparing the entry in the first 
row and column we have a > 0. Then aS = 1 implies a = 6 = 1. Finally 
comparing the entry in the first row and second column we have /3 = 0. Thus 
T 3 = I and ay = 1 J 2 . □ 


a (3 

7 <5 


Let m £ N. As j(r) is modular function for SX 2 (2i) it is certainly a modular 
function for Fo(m). Now we will see that j(rnr) is a modular function for Fo(m). 
j'(mr) is holomorphic on t) as j(r) is liolomorphic on ft. To check the invariance 
a b 


let 7 


■ F 0 (to). Then we have 


j (m'yr) = j 


m(aT + b)\ 
cr + d ) =J 


a(mr) + bm\ 
m {mr) + d ) 


j( 7 , mr) 
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where j' 


since 7 G ro(m) we have 7' G SL 2 ( Z) which implies 


a 

C 

m 


bm 

d 


j(to(7t)) = jXt'tot) = j{mr) 


We have shown theorem 2.4 which will help us to compute ^-expansion of j(rriT). 
Let 7 € SL-2 (Z) be fixed. By theorem 0.1 choose er G C(m) such that 7 = 
CToSio- for some 71 G SL 2 (jX). Now 


j (m7T) = j(cro7r) = j (71 (err)) = j(crr) 


as j( T ) is SL 2 {Z) invariant. Let cr 


a b 
0 d 


then 


, . 27ri(aT + b) 27rib a 

q(<TT) = e d = e d q d 


If we write Cm = e 2 ™’, then q(ctt) = (Cm) ob (<7™ ) a ~ as ad = in. Thus 

\ — ab 00 

i (ni'yr ) = j(trr) = "1 2 + ^ c n Cm)° b ”(g™)° ”, c„eZ 

(q m r 


n —0 


where 

1 OO 

j( t ) = - + J2 c ^ qU 

q n—0 

There are only Hnitely many negative powers which shows j(mr) is a modular 
function for To(m). 

3 The Modular Equation 

In this section we introduce modular equation which will help us to classify 
modular functions for ro(m) and show that j(t) is an algebraic integer for r 
inside ring of integers of Q (y/—n). We begin with a lemma. 

Lemma 3.1. LetTofm)^ be a right cosets in S L 2 (Z) wherein { 1 , 2 ,..., |C(rn)|}. 

If 

\C(m) | 

®m(X, t)= (X - j(mjiT)) 

i —1 

then 4 > m (X, t) is a polynomial in X and j(r). 

Proof. Let us consider the coefficients of powers of X in $ m (X, r). The coef¬ 
ficients are symmetric polynomials in j(m r '/ l T) : s which are holomorphic on t). 
Let 7 € SX 2 (Z). Then the cosets r 0 (m)7j7’s are a permutation of the cosets 
r 0 (m) 7 i’s. Since j{m,T) is invariant under To(m), j( m 7*7 T ) ,s are a permutation 
of j(injiT). The coefficients being symmetric polynomials remains same under 
the action of permutations. Hence the coefficients are invariant under SL 2 (%). 
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For each i, we have j( m 7 i r ) = j(ctt) for a £ C(m). However from the proof 
of previous theorem the g-expansion of j (err) has finitely many negative expo¬ 
nents. The coefficients are then polynomials in j(crr)’s which implies that the 
coefficients will again have finitely many negative exponents. This shows coef¬ 
ficients of powers of X in $ m (X, r) are holomorphic modular functions, hence 
are polynomials in j(r). Therefore there is a polynomial <F m (X, Y) £ C[X, Y] 
such that 

\C(m)\ 

$m(X,j(T))= (X-j(m7 i r)) 

□ 

The equation <& m (X, Y) = 0 is called the modular equation and by abuse 
of terminology we will call $ m (X, Y) as the modular equation. Each j(mjiT) 
can be written as j ( <jt ) for a unique r £ C (m) which lets us to write the modular 
equation in the form 

$m(X,j(T))= ( X-j{(JT )) 

i-1 

Lemma 3 . 2 . Let m £ N. Then $ m (X, Y) is irreducible as a polynomial in X. 

Proof. Let 7* be right coset representative for T 0 (to) in SL 2 (Z). Let F m be the 
field C(j(r), j{mr)). Since d> m (X, j(r)) has coefficients in C(j(r)) and j(mr) 
is a root, it follows that [F m : C(j( T ))] < |C(rn)|. Our goal will be to prove 
the equality which would then imply the minimal polynomial of j'(mr) over 
C( j(r )) and irreducibility will follow. Let F be the field of all meromorphic 
functions on f) which contains F m as a subfield. Now let <f 1 : F rn —> F defined 
as 0 (/(t)) = /(qr) for 7 £ SL 2 (Z). We claim that <(> 7 is injective and is 
identity on C (j(r)). Note that p 7 (j(r)) = /(j( 7 T )) = f(j(r)) which implies 
0 7 is identity on C(j(r)). If 0 7 (/i) = 0 7 (/ 2 ), then f^jr) = f 2 (qr) for ret). 

Both /1 and f 2 are meromorphic on 6 and qr = for 7 — ^ ^ , is an 

open set as r varies over 1 ) by open mapping theorem. Since /1 and / 2 agree on 
a open set, they agree on 1 ). Thus </> 7 is injective. 

Note that j( TO 7i T ) 7^ j(rn r yjT) for i 7^ j. To see this we first note that j(to7jt) = 

j(aiT) and j(m^ 3 T) = j(a 3 r) for ^ = eq 7^ a 3 = b J both 

inside C(m). If possible suppose j(cq) = j(< 7 j), then the least power g-expansion 
of both is a~. aj which are equal and imply at = a 3 as cq, a 3 > 0 . cq, a 3 G C(m ) 

then implies di = d 3 . Furthermore on considering coefficients of (g™ ) ai , we have 
fm ( h ‘ bj ' > = 1, however (6, — b 3 ) £ {0,1, ..d — 2} implies bi = b 3 , consequently 
cq = oj which is a contradiction. 

Now for each 7* £ C(m) we may consider <f li which are distinct as j’(TOqi) 7^ 

j(m'Yj) and belongs to the field extension F m /C(j(T)). This shows 

[. F m : <C(j( T ))] > \C(m)\ and our desired equality is proved. □ 
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3.1 Classification of modular functions for r 0 (m) 

Now we will us the above lemmas to classify modular function for ro(?n). 

Theorem 3 . 3 . A modular function for To{m) is a rational function of j(r) and 
j (mr). 

Proof. Let / be a modular function for ro(m). We consider the function 

|C(m)| 

G(X.r) = < MXJM) E x i%; r) 

|C(m)| 

= y /(i* r ) n ( x _ i( m 7* T )) 

i=l j^ti 

G(X, t) is a polynomial in X. We claim that coefficients of X in G(X, r) are 
modular function for ,SL^tfL). The proof is similar to proof in Lemma 3.1 where 
we use the fact that coefficients of X are symmetric polynomials in /(7 jt)’s, 
■?( m 7* T )’ s and /(7*r) has g-expansion with finite negative exponents. Since a 
modular function for SX 2 (Z) is a polynomial in j(r), G(X,t) is a polynomial 
G(X,j(r)) € C(j( T ))[lt]. Without loss of generality we assume 71 is the identity 
matrix. Note that in j(r)) one of the a is 71 which implies 

|C(m)| 

$m(j( TOT ).i( T )) = ( (j{ jut ) - jirn^iT)) (j'(mr) - j( TO 7i T )) = 0 

i=2 

Now using this and product rule of differentiation we have 

= II 0 ( mT ) 

iAi 

On putting X = j(mr) in G(X,j(r)) we have 

C(j(mr), j(r)) = f (t)^A (j (mr), j(r)) 

$ m (X,j( T )) is irreducible, so it can not have repeated roots which implies 
Therefore we can write 


= G(J{mT),j(T)) 

tlK j{mT),j(T)) 

which is a rational function in j (r) and j ( mr ). 


□ 
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3.2 Arithmetic properties of $ m (A, Y) 

Now we will explore some arithmetic properties of the Modular Equation. 
Theorem 3.4. Let m £ N, then & m (X,Y) £ Z[X,Y], 

Proof. Let /(r) be an elementary symmetric function in j(<tt)’s for a £ C(m). 
Let us denote ( m = e^. Now /(r) € Q(Cm)((<Z” )) where Q(C m )((q™ )) denotes 
the held of formal meromorphic Laurent series. We claim that f(r) £ Q((g™))- 
An automorphism ip £ Gal(Q(£ m )/Q) is determined by how it acts on the 
coefficient of exponents of g™. 

£ C(m), then ip(( m ) = ( k where 0 < k < m is relatively prime 

to m. To see this we note that ip sends ( m to some other root of x m — 1 = 0. 
Suppose that gcd (k,m) > 1, then 


If cr = 


a b 
0 d 



■(fc,"Q 

k 


(c 


lcm(k ,m) 

k \ k 


(C) 


lcm(k,m ) 


1 =^( 1 ) 


which is a contradiction as 


0 < 


lcm(k, m) 


m 

gcd(fc, m) 


< m 


which implies ( m k ^ 1 subsequently ip is not injective. 
From the expansion of j (or) we have 


ip{j{ar)) 


’’•—abk 


(q-)° 


+ E c «c 6fen (^r 

n=0 


as all of the c n ’s are integers. Now gcd(6fc,?n) = 1 implies that gcd (bk,d) = 1, 
hence there exists b' £ {0,1,..., d — 1} such that b' = bk (mod d). So we have 

fabk _ sa(b'-\-td) _ sab'tfmP _ j-ab' 

tm 8m \8m J 8m 


where b’ = bk — td for some integer t. and ad = m. The above formula can be 
written as 

f-ab’ °° , . , 

Wirr)) = fj—; + E ^ n {^Y n 

(? m ) n=0 


If we let o' = 


a b' 
0 d 


£ C(m), then a' £ C(m ) and by g-expansion of j(cr'r) 


we will have ip(j( aT )) = j( <7 ' T )- Thus an element of Gal(Q(£ m )/Q) permutes 
j(ctt)’s. Since /(t) is symmetric in j(<tt)’s it follows that /(r) £ Q((g™))- 
While proving Lemma 3.1, we saw that /(r) is a polynomial in j(r) which 
implies /(r) £ Q((g)). Since the coefficients of g-expansion of /(r) are algebraic 
integers and also belong to Q, it follows that /(r) £ Z((g)). Hence we have 
A(X) = a n X n + ... + ao £ C[X] for some n £ N such that /(r) = 
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We are required to show that A(X) is an integer polynomial. Note that the 
coefficient of q~ n in ^-expansion of A(j(r)) is a n which is integer as the q- 
expansion of /(r) has integer coefficients. To show a n _i £ Z we consider the 
coefficient of g - !" -1 ) in ^-expansion of /(r) — a n j((r)) n which is a integer and 
equals to a„_i as /(r) — a n j{(r)) n = a n ^i(j(T)) n ~ 1 + ... +a 0 . Since n is finite, 
we can similarly show that a* £ Z for t £ {n — 2 ,..., 0}. □ 

Theorem 3.5. Let m is a natural number and m is not a perfect square, then 
$ m (X, X) is a polynomial of degree > 1 whose leading coefficient is ±1. 

Proof. Let m be a non square natural number. Let 


$(X, Y) = a nitn2 X ni Y n2 + ... + a 0 


be such that a niiH2 
Then ®(X,X) = a r 


is the leading coefficient of <F(X, Y) for some n\,ri 2 € N. 


2 X ni+n2 + ... + a 0 . Our aim is to show 


= ±1. If 


we replace X with j(r), then the leading coefficient is the coefficient of most 
negative power of q in the g-expansion of $ TO (j(r), j(r)). Firstly we consider 

a b 


the g-expansion of one of the factor j(r) — j{ar) for a = 
which is given by 


0 d 


£ C(m ) 


i( T ) — j ( tJT ) 


l 

q 


/•—ab 


gd 




n —0 


for some coefficient d n £ C. Since ad = in, a d which implies the coefficient 
of most negative power of q in g-expansion of j(r) — j{<Jr) is either ab or 1 . 
So in any case the coefficient is a root of unity. Since 3>(j(r), j{r)) is product 
of j(r) — j(aT)’s as cr varies over C(m), a niiH2 is a root of unity which is also 
an integer by the previous theorem. Thus a nii n 2 is either +1 or —1. □ 


3.3 Correspondence between roots of & m (X, Y) and cyclic 
sublattices of index m 

Definition 3.1. Let L be a lattice and L' be a sublattice inside L. L' is said 
to be cyclic sublattice of L if the group L'/L is cyclic. Furthermore L' is said 
to be of index m if |Z//L| = to 

Lemma 3.6. Let M = Zei ® Ze 2 , A be an integer matrix with det(T) 0. 
Then the group M/AM is cyclic if and only if the entries of A are relatively 
prime. 

Proof. Step-1 

We begin by proving the claim which states that a finite abelian group G is 
not cyclic if and only if there exists a subgroup of it isomorphic to (Z/dZ ) 2 for 
some n £ N and d > 1. Let G is not cyclic and |G| = n = pf ...p/ be prime 
factorisation of to, then by fundamental theorem of abelian groups we have 
G = Z q °i 0 ...Z <i where gi,.., qi are one of pfs and s,; > 1 for all i. We claim that 
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there exists ^ qj 0 for some io,jo such that gcd (qi 0 ,qj 0 ) = d ^ 1. Suppose 
not then gcd (qi,qj) = 1 for i ^ j for all i,j, so gcd(g* i ,g* 3 ) = 1 which implies 


Z » 4 ©Z ’i e* z„ 


Similarly arguing for other q^ s we have Z 


L0-.Z H 
V 


= 7L r 


which is a contradiction since G is cyclic. Since d divides both q io and qj 0 , both 
Z g . Q and Z 9jo have a subgroup isomorphic to Z d . Without loss of generality we 
can assume fo = 1 and jo = 1. Now we let H = Z<j © Z^ © Zi © ... © 1L\. Clearly 
H is a subgroup of G isomorphic to (Z/dZ) 2 . Furthermore if G has a subgroup 
isomorphic to (Z/dZ) 2 , then G is not cyclic as subgroup of every cyclic is cyclic 
and (Z/dZ ) 2 is not cyclic. 

Step-2 

In Step-2 we use Step-1 to show if A has a common divisor d > 1, then M/AM 
is not cyclic. A can be written as dA' for some integer matrix A. Now consider 
A'M/dA'M = A'M/AM c M/AM is a subgroup of M/AM. A'M is a lattice 
with dimension 2, hence A'M/dA'M as a group is isomorphic to (Z/dZ) 2 . Thus 
by Step-1, M/AM is not cyclic. 

Step-3 

Assume that M/AM is not cyclic. By Step-1, there exists AM C M' C M such 
that M'/AM = (Z/dZ) 2 . Let g G M', then d(g + AM) = AM = dg + AM as 
every non zero element of M'/AM has order d. Hence dM' C AM. We have the 
inclusions dM' C AM C M' such that both M'/AM and M'/dM' isomorphic 
to (Z/dZ ) 2 which implies AM = dM'. We claim that d divides entries of A. 

1 and e{ = ae\ + fie 2 , e' 2 = 7 ei + de 2 . Now 


Let M = Ze'j © Ze^, A = 
AM = dM' implies 


d’ 


Z(aei + &e 2 ) © Z(cei + d'e 2 ) = Z((da)ei + (d/?)e 2 ) © Z((d 7 )ei + (dd)e 2 ) 


Therefore a = da , b = d/3, c = d'j and d! = dS and we are done. □ 

Lemma 3.7. Let r G f), L' be a sublattice of L = Z © Zr of finite index and 
d be the smallest positive integer in L'. Then L' = Zd © Z(ar + b) for some 
a,b eZ. 

Pi'oof. Let L' = Zei © Ze 2 where ei,e 2 € L. Since ei,e 2 G L, we can let e\ = 
d' + cr and e 2 = a + br where a,b,c,d' &Z. Now let d = k\ (d' + cr) + fc 2 ( a + br) 
for some k\, /c 2 G Z. This implies fcid' + fc 2 a = d and as d is the smallest positive 
integer inside L' it follows that gcd(a, d') = d which in turn implies a = ad and 
d' = /3d for some a,/3 G Z. Thus L' = Z(d + cr) © Z(d + 6r).One can then 
choose another basis of L' such that c = 0. □ 


Lemma 3.8. Let r G f), cr,a' G C(m). If Zd © Z(dar) = Zd' © Z(d' a' r), tden 
cr = <7'. 


Proof. Let cr = 
in Zd © Z(dcrr) 


a b 

0 d 

and a' = 

'a' b' ' 
0 d! 

is d. Suppose not, then let t 


. The smallest positive integer 
G {1,2, ..d — 1} such that t = 


k±d + fc 2 (ar + b) which implies dk\ + &fc 2 = t and fc 2 a = 0. Hence /c 2 = 0 and t 
is a multiple of d which is a contradiction. Similarly d' is the smallest positive 
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integer in Zd' ® Z(d'cr'r). Thus d = d'. Again cr, o' G C(m) implies that a = a'. 
Let ar + b = k[d + k 2 (ar + b'). This implies k' 2 = 1 and b — b' = k[d. Since 
6, b’ € {0,1, d — 1}, k[ = 0 and the proof is complete. □ 


Lemma 3.9. Let t € \) and L = Z © Zt. Then 

(i) Givn a cyclic sublattice L' C L of index m there is a unique cr G C(m) such 
that L’ = Zd © Z(dar) 


(ii) Conversely if a 


a b 
0 d' 


G C(m), then Zd®Z(d<TT) is a cyclic sublattice 


of L with index m. 


Proof. Let L' C L is cyclic of index m. If d is the smallest positiv integer in L', 
then by lemma L' = Z d ® Z (ar + b) for some integer a, b. We may assume that 

a b 


a > 0 and since index of L' is given by det(cr) where a = 


0 d 


we have 


ad = to. If k is an integer then Zd ® Z((ar + b) + kd) = Zd ® Z(ar + (b + kd)). 
Thus we can choose k in such a way that 0 < b < d. As L' is cyclic by 

a b 


lemma gcd(a, 6, d) = 1. Hence cr = 


0 d 


G C(m). Furthermore L' = 


Zd ® Z(ar + b) = d(Z ® Z^L^I) = d(Z ® Zctt). 

Proof of (ii) follows from lemma 3.6 since gcd(a, b , d') = 1 implies Zd ® Z(dcrr) 
is cyclic sublattice and det(tr) = m implies it is of index to. □ 


Theorem 3.10. Let m be a positive integer. Let u,v G C. Then v) = 0 

if and only if there exists a lattice L and a cyclic sublattice L' C L of index to 
such that u = j(L') an v = j(L). 


Proof. On applying the above lemma j-invariant of a cyclic sublattice L' of 
index to of Z ® Zr are given by 


j{L') = j{d(Z ® Zcrr)) = j(Z ® Zctt) = j(ar) 


Now by 

* m (X,j(r))= I] 

(j'GC(m) 

it follows that the roots of $ m (A, j( T )) = 0 are exactly the j-nvariants of cyclic 
sublattice of index m of Z ® Zt. 

Let u,v £ C such that j(u,v) = 0. Since j is surjective there exists r G f) such 
that j(r) = v = j(Z ® Zr) by definition. Again 

<7'GC(m) 

implies u — j{<JT) = 0 for some cr G C(m). Hence u = j(Z ® Zctt). The proof is 
done, once we let L = Z ® Zt and L' = Z ® Zctt. One may also note the fact 
that L' is cyclic sublattice with index to follows from lemma 3.6. □ 
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3.4 Ring of integers of Q( v / —n) 

Now our main focus will be to consider the ring of integers of imaginary quadratic 
field extension of Q which is given by 

Q (V-n) = {p + | p,g€Q} 

where n £ N is a square free integer. Note that n is a square free integer iff its 
prime factorization in Z does not contain any even powered prime number. 

Definition 3.2. Let a £ Q(V~ n )- Then a is an algebraic number if there 
exists a polynomial P(X) £ Z[X\ such that P(a) = 0. Furthermore a is an 
algebraic integer if there exists P(X) £ Z[X] with leading coefficient 1 such 
that P(a) = 0. 

Definition 3.3. The ring of integers of Q(y/-~n) is defined to be the set of 
algebraic integers in Q(\/— n). 

Theorem 3.11. Let n £ N be a square free integer. The ring of integers of 
Q W~ n ) given by Z ® Z (y/—n) ifn^3 (mod 4) and Z ® Z( 1+ '£ = ™ -) ifn=3 
(mod 4) 

Proof. Let p + qy/—n £ Q(V~ n )- We know that if p + qV~ n satisfies a polyno¬ 
mial in Z[X\, then p — qy/~n also satisfies the polynomial. Hence we consider 
the polynomial (X — p — q^/—n){X —p + q^J—n) = X 2 — 2 pX + (p 2 + nq 2 ). To 
have p + q\J—n as an algebraic integer, it is necessary to have 2p,p 2 + nq 2 £ Z. 
We consider two cases, i.e. when p = k , k £ Z and p = | for some k £ Z, k is 
odd. 

For the second case, i.e. when p = | and k is odd, p 2 + nq 2 £ Z implies 
+ nq 2 £ Z. This forces q=\ for some k' £ Z as n is square free. Since k is 
odd, k 2 = 1 (mod 4), this implies nk! 2 = 3 (mod 4). However when k' is odd, 
we have n = 3 (mod 4). Conversely if n = 3 (mod 4), p + q\/—ri is an algebraic 
integer where p is an half integer and q is either an integer or half integer. Hence 
the ring of integer is given by Z(|) ® Z(^^) = Z ® Z( 1+ ^~^ ). 

For the first case p = k we have nq 2 £ Z. Since n is square free, q £ Z. To see 
this let q = f or p li q 1 £ Z and qi ^ 0. nq 2 £ Z implies q\ divides n which is 
a contradiction. Conversely if n ^ 3 (mod 4), p + q\/—n is an algebraic integer 
where p and q are integers. Thus the ring of integer is given by Z®Z(i J—n) □ 

Now we prove the final theorem in the thesis. 

Theorem 3.12. Let Ok be the ring of integers of K = Q (y/—n). Then j(O k) 
is an algebraic integer. 

Proof. From the previous theorem we have Ok = Z ® Zr where r = \J—n 
or Consider the lattice 0' K = ^—u(Ok) = Z (\f—n) ® Z(r\/—n) for 

r = \/—n. 0' K has basis {\/—n, —n} where we can write — n = —n. 1 + 0.\/— n 

and \/—n = 0.1 + 1.%/—n which implies 0' K = AOk where A = 


0 1 
—n 0 
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Since det(A) = n and gcd(l, —n) = 1, 0' K is a cyclic sub lattice of Ok by 
lemma 3.6 with index n. Hence by theorem 3.10 

0 = $n{j{V-nO K ),j{0 K )) = $n(j(0 K ),j(0 K )) 

as j(y/—nOK) = j{Ok ) by theorem 1.8. NOw J{Ok) is a root of the polynomial 
$„(X, X). Since Y) G Z[X,Y\, j(Oj< ) is an algebraic number. Again n 

is square free implies n is not a perfect square. Therefore the leading coefficient 
of $„(X, X) is ±1 and j{Ok) is an algebraic integer as without loss of generality 
we can take the leading coefficient to be 1. Arguing similarly we can prove for 
t = , 3{Ok) is an algebraic integer. □ 
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